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ABSTRACT

Fairness and privacy are two vital pillars of trustworthy machine learning. Despite
extensive research on these individual topics, the relationship between fairness
and privacy has garnered significantly less attention. In this paper, we investigate
the relationship between fairness, privacy, and accuracy using the information-
theoretic concept of Chernoff Information. We define Chernoff Difference, a tool
that allows us to analyze the relationship between fairness, privacy, and accu-
racy. We then show that for Gaussian distributions, this value behaves in 3 distinct
ways (depending on the distribution of the data). We highlight the distributions
that these cases entail as well as their fairness and privacy implications. Addi-
tionally, we show that Chernoff Difference acts as a proxy for the steepness of
the fairness-accuracy curves. This work provides a foundation towards a more
comprehensive understanding of the relationship between fairness, privacy, and
accuracy in machine learning and motivates the use of Chernoff Information in
this domain.

1 INTRODUCTION

Fairness and privacy are two fundamental components of trustworthy machine learning (ML) sys-
tems. The problem of ML models adopting detrimental social biases is prevalent across numerous
fields, including facial recognition (Garvie & Frankle, 2016), text-to-image models (Friedrich et al.,
2023; Bianchi et al., 2023), and various predictive tasks like recidivism (Barocas & Selbst, 2016;
Chouldechova, 2016) and loan approval predictions (Das et al., 2021). Similarly, machine learning
models have been shown to reveal information about their training data (Shokri et al., 2017; Carlini
et al., 2021) creating significant privacy concerns (Gomstyn & Jonker, 2024).

Although these topics have been actively investigated in isolation (Caton & Haas, 2020; Mehrabi
et al., 2022; Pessach & Shmueli, 2022; Mireshghallah et al., 2020), the interaction between these
two concepts has received significantly less attention. This can create issues in real-world systems
where we want to apply ML. One such example of this is the financial domain in which ML models
are used for credit limit and loan approval (Das et al., 2021). This poses a critical question: When
are privacy and fairness incompatible and when are they aligned? In this paper, we aim to answer
this question by demonstrating that the relationship between fairness, privacy, and utility is data-
dependent. We make the following contributions:

1. We define Chernoff Difference (CD), a tool for evaluating the relationship between fairness,
privacy, and accuracy that relies on the information-theoretic concept of Chernoff Information.

2. We prove that for Gaussian distributions the relationship between fairness, privacy, and accuracy
falls into one of three cases, depending on the data distribution. We highlight the conditions for
these cases and their fairness, privacy, and accuracy implications.

3. We demonstrate that CD acts as a proxy for the steepness of the fairness-accuracy curve.

Related Works. The relationship between fairness and privacy has been an area of interest over
recent years. Cummings et al. (2019), prove that it is impossible to achieve exact fairness and
privacy with non-trivial accuracy. Sanyal et al. (2022) show that under long-tail and imbalanced
distributions and strict privacy assumptions, private and accurate algorithms incur worse fairness,
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while enforcing privacy and fairness leads to reduced accuracy. Mangold et al. (2023) bound the
difference in fairness between private and non-private models. Bagdasaryan & Shmatikov (2019)
and Chang & Shokri (2021) empirically demonstrate the fairness violations in private algorithms.
These strong privacy and fairness requirements can be relaxed, however, leading to works that have
demonstrated success in designing algorithms that provide privacy, fairness, and accuracy across
different domains (Lyu et al., 2020; Lowy et al., 2023; Ghoukasian & Asoodeh, 2024). Many works
have aimed to study fairness and privacy through the lens of information theory (Ghassami et al.,
2018; Unsal & Onen, 2023). Despite this, very few works have explored their interaction or using
Chernoff Information in this domain (Nielsen, 2013; Dutta et al., 2020). To our knowledge, our
work is the first to examine this interaction through the lens of Chernoff Information.

2 PROBLEM SETTING AND BACKGROUND

Consider a binary classification setting in which our data is defined by continuous, non-sensitive
features X, sensitive attributes S = {0, 1}, and labels Y = {0,1}. Using these parameters, our
data distribution can be defined as a mixture of the following conditional distributions Py(z) =
Pr(X|S = 0,Y = 0), Pi(z) = Pr(X|S =0,Y = 1), Qo(z) = Pr(X|S = 1,Y = 0), and
Q1(xz) = Pr(X|S = 1,Y = 1). From this definition, we can refer to our groups as P, to be the
group where S = 0 and @, to be the group where S = 1. In this paper, we operate under the
assumption that these conditional distributions are Gaussian, defined as Py = N (pg,0I), P, =
N (p1,021), Qo = N (o, 721), Q1 = N(¢1, 71), and our data is balanced (Pr(S = 0) = Pr(S =
1)). Extending beyond these assumptions is a future work. Our central goal will be to examine how
the definition of these distributions affects the trade-off among fairness, privacy, and accuracy for a
classifier. For privacy, we are considering differential privacy (Dwork et al., 2014), a mathematical
notion of privacy which, using ¢ (privacy budget) and ¢ (error probability), bounds the impact that
a single point can have on a randomized algorithm. This notion of privacy is common in machine
learning, with many algorithms being developed to train models with differential privacy guarantees
(Abadi et al., 2016). In this paper, we leverage the input perturbation privacy method, in which
we can enforce differential privacy by adding Gaussian noise (N (0, 7?I)) to all data points before
training a model. The amount of noise, calibrated by 12, has a direct relationship to & and 6 (Theorem
A.1 Kang et al. (2020)). For our notion of fairness, we consider the equal opportunity notion (Hardt
et al., 2016), in which fairness is evaluated as the difference between the true positive rates (or false
negative rates) for each of our groups (P and Q). Thus, to evaluate the relationship between fairness,
privacy and accuracy, we examine how fairness and accuracy change as we add Gaussian noise to our
data. For our model, we consider a split classifier setting. In this setting, we train a different classifier
for each of our groups P and (). Under the assumption of infinite model complexity (and sufficient
group information), any model will converge towards the split classifier setting (Wang et al., 2021).
Recent work (Dutta et al., 2020) has demonstrated that Chernoff Information can characterize the
relationship between fairness and accuracy. Building on this, we will leverage Chernoff Information
as a tool to quantify the relationship between fairness, privacy, and accuracy. We begin with the
formal definition below.

Definition 1. (Chernoff Information (Chernoff, 1952)) For two distributions Py(x) and Py(x) the
Chernoff Information is given by:

C(Py, P1) = — u,ei?()fl) log(/ Po(x)' " Py ()" da).

Chernoff Information can be interpreted as a divergence term and thus acts as a metric that quantifies
the separability between Py(x) and P; () (Nielsen, 2011; Dutta et al., 2020). For large values of
Chernoff Information, our hypotheses Py(x) and P; () are more separable which indicates an easier
classification setting. Conversely, smaller values of Chernoff Information indicates less separability
between our conditional distributions, reflected by a more difficult classification setting. This is
demonstrated by the role of Chernoff Information in the bound of the Bayes optimal classifier.

Lemma 1. (Nielsen, 2011) For hypotheses Py(x) under Y = 0 and Py (x) under Y = 1, Chernoff
Information bounds the error of the Bayes Optimal Classifier H: Pr[H(X) # Y] < e=C(FPo.P1),
Thus, in addition to quantifying the separability between hypotheses, the Chernoff Information acts

as a proxy for the performance of the Bayes optimal classifier. This allows us to leverage this value
to define Chernoff Difference and quantify the relationship between fairness and accuracy.
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Definition 2. (Chernoff Difference) The Chernoff Difference between group P and group Q is the
absolute difference between the Chernoff Information between group P’s conditional distributions
and group Q’s conditional distributions: CD = |C(Py, P1) — C(Qo, Q1) -

When groups have similar Chernoff Information (the Chernoff Difference is smaller), they have
similar separability and similar error bounds for their Bayes optimal classifiers. Thus, classification
results will be “more fair.”” Conversely, when Chernoff Difference is large, there is a large dispar-
ity between separability and the error bounds of the Bayes optimal classifiers, leading to fairness
violations. Additionally, Chernoff Difference acts as a direct proxy for the steepness of the fairness-
accuracy curves (larger C'D indicates steeper curves). This trend was theorized in Dutta et al. (2020),
but our paper is the first to demonstrate it (Section 4).

3 GAUSSIAN NOISE CHERNOFF DIFFERENCE

While the Chernoff Difference provides valuable insights into the relationship between fairness and
accuracy, it is typically intractable to compute. In our setting, however, we operate under the as-
sumption that Py(z), Py(z), Qo(z), and Q1 (x) are Gaussian distributions. This allows us to extend
a result from Dutta et al. (2020) to derive a closed form expression for the Chernoff Difference.

Lemma 2. When Py(z) ~ N (o, 0%1), Pi(z) ~ N(u1,0%1), Qo(x) ~ N ((o, 721), and Q1 (z) ~
N (1, 721), the Chernoff Difference is given as the absolute difference of Bhattacharyya distances:
oD — o = pall3 1160 —Gill3 .

8o2 872

The derivation of this closed-form expression is provided in Appendix A and its connection to the
Mahalanobis distances is highlighted in Nielsen (2022). This closed-form expression allows us to
directly compute the Chernoff Difference from the definition of the distributions. Next, to incor-
porate our notion of privacy, we define a noisy variant of Chernoff Difference by leveraging the
normal-sum theorem (Lemons & Langevin, 2002).

Definition 3. (Gaussian Noise Chernoff Difference) For some n* > 0, we define the Gaussian noise
Chernoff Difference as:

0D = [0 =l o = GlI3

(N RTINSl

While Chernoff Difference provides insight into the relationship between fairness and accuracy,

CA’/DHQ provides a single value that can capture the relationship between fairness, privacy, and accu-
racy. More specifically, it allows us to analyze how adding noise (inducing stronger privacy protec-
tion) affects both fairness and accuracy. To analyze this relationship in more depth, we examine the

behavior of C/’\/DWQ as we vary the noise parameter n?. This leads to the central result of this work.
Theorem 1. Suppose Py(z) ~ N (po,0?I), Pi(x) ~ N(u1,0%1), Qo(z) ~ N(Co,721), and
Q1(x) ~ N (C1, 721). Without loss of generality, we assume that ||po — p1|l2 > ||Co — Cill2- There
are three behaviors of the Gaussian Noise Chernoff Difference (CD,2) over the n? > 0 regime: (i)
The Chernoff Difference has a maximum point. (ii) The Chernoff Difference has a maximum point
and a reflection point (where CD,> = 0). (iii) the Chernoff Difference is non-increasing'. The
conditions for these three cases are given as follows:

) =Gz 2 =Gl g Privacy Hurts Fai
(i) o=z < o2 < Tpo—pulz < 1 (Privacy Hurts Fairness)
72 ll¢o—¢all3 . . .
(ii) 2 < Teo=pil2 <1, (Privacy Can Give Free Fairness)
2
(iii) Neither condition (i) or (ii) hold. (Triple Trade-off)

We provide a proof for this theorem in Appendix A. These three cases correspond to different sce-
narios where we have distinct relationships between fairness, privacy, and accuracy. We discuss
each of these cases and the distributions they describe in the following section.

'When [0 — pfl2 = (<o — Cill2s Cr’\l/)nz will always fall into this case.
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Figure 1: (Case 1: Privacy Hurts Fairness) (a) We observe that the C”\l/)nz increases until the maximum
point, which represents the worst fairness-accuracy trade-off we encounter by adding noise. (b) The slopes of
the fairness-accuracy plots increase as we add noise until the C'D, 2> reaches the maximum. Parameters used
here are: po = 0, 1 = 16.5,0 = 2.43 and (o = 0.5, (1 = 3.8, 7 = 0.55.

4 DYNAMICS OF FAIRNESS, PRIVACY, AND ACCURACY

To validate the results obtained, we design a set of experiments in which Py(z), P (z), Qo(z), and
Q1 (z) are 1-dimensional Gaussian distributions. We sample 100,000 samples from each distribution
to create the balanced dataset. We then train a different Gaussian Naive Bayes classifier for each
of the groups (this provides the Bayes optimal classifier). We measure the overall accuracy of
our classifier and quantify fairness by using the true positive rate disparity between groups (equal
opportunity). To clearly observe fairness-accuracy trade-offs, we choose different prior beliefs of
our labels for the Gaussian Naive Bayes classifier. By perturbing the prior probabilities for the
unprivileged group, we are able to create fairness accuracy curves for each of our settings?.

Case 1: Privacy Hurts Fairness. In the first case from Theorem 1, C'D,» grows as we increase
the variance of our Gaussian noise until it reaches a maximum. After this point, additional noise

leads to a decay in 6’\1/),,2. This trend is reflected empirically in Figure 1(a). From Theorem 1, this

—¢ 12 2 _ . .. . L. .
% < % < % < 1. This condition is indicative of distributions
2

where (Q has means that are closer than that of P. Here, the variance of Qs conditional distributions
is small enough (relative to the variance of group P’s distributions) such that smaller amounts of
noise affect group ) more than group P. However, it is not small enough (relative to the variance
of group P’s distributions) such that group P becomes the unprivileged group (less separable).

scenario occurs when

Next, we validate the relationship between the C'D, > and the fairness-accuracy curves by examining
the behavior of the curves as we add noise (increase Chernoff Difference). Since fairness-accuracy
curves tend to have logarithmic shapes, we examine the slope of the logarithm fairness-accuracy
curves (constructed by taking the log of the fairness values). This slope is then indicative of the
steepness of our fairness-accuracy curves. We highlight the relationship between fairness-accuracy
curves and log (fairness)-accuracy curves in Appendix B.1. As we observe in Figure 1(b), as we
approach our maximum value of the Chernoff Difference the slope of our log (fairness)-accuracy
plots increases, indicating an increase in steepness of our fairness-accuracy curves. This highlights
a scenario in which privacy can hurt both accuracy and fairness.

Case 2: Privacy Can Give Free Fairness. In this case, we observe that the Chernoff Difference
decays to 0 before exhibiting behavior like Case 1 (Figure 2(a)). From Theorem 1, we encounter
llSo—¢all3
[0 — 21 H%
with conditional distributions that have means further apart (P) also has conditional distributions

with significantly larger variance. This implies that group @ has better separability (larger Chernoff
Information) than group P. As we add noise, the separability of P and @) both decrease (¢) much
faster than P), but their values become more similar, and our classification setting becomes more

fair. This is observed until the reflection point is reached (C”\Enz values are equal) and the setting

. . 2 . . . . . .
this scenario when 77 < < 1. This occurs when we have distributions in which the group

2Changing the prior probabilities is a proxy for adjusting the threshold of the Bayes optimal classifier (Dutta
et al., 2020).
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Figure 2: (Case 2: Privacy Can Give Free Fairness) (a) In this case, C"\l/)nz decays until it reaches 0. It then
reflects back and follows a similar pattern to Case 1. The maximum occurs at a large 77> (6.86) value and thus is
not plotted (Appendix B.2). (b) The steepness of the fairness-accuracy plots decrease as we add noise and CD
decreases. The intersecting lines show that in some cases, we can achieve better fairness for the same accuracy
when we add noise. Parameters used here are: po = —4.2, u1 = 1.3,0 = 3and (o = 0.3,{1 = 2.7, 7 = 0.25.
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Figure 3: (Case 3: Triple Trade-off) (a) We observe that Cr'\l/)nz decays steadily over the entire positive

n? regime. (b) The fairness-accuracy curves become flatter as 657}2 decreases with the increasing noise.
Parameters used here are: 0 = —4.2, 41 = 1.3,0 = 0.85and (o = 0.6,(; = 1.6, 7 = 0.6.

begins to become unfair. After this, adding more noise affects the separability of group () more than
that of group P until the maximum point is reached and the C'D,> decays as in Case 1.

Now, to analyze the fairness, privacy, accuracy relationship, we define our Gaussian distributions
so that the above condition holds. As we observe in Figure 2(b), as we increase the noise and

reduce C'D, 2, the fairness accuracy curves become less steep. Additionally, we observe that in
these scenarios, the noisy curves can overlap with the clean fairness-accuracy curves, providing
better accuracy for some levels of fairness. This phenomenon is indicative of scenarios in which
privacy can appear to give “free fairness”.

Case 3: Triple Trade-off. In this final case, CA‘/Dnz naturally decays over the positive 7> region
(Figure 3(a)). This case occurs when neither condition (i) or (ii) from Theorem 1 hold. That is

2 _— . . . . . .. .
=2 H In this case, group () exhibits a larger variance in addition to their smaller mean

separation (compared to group P), leading to significantly less separability. As noise is added, the
separability of P is reduced at a rate faster than (), however, the separability of () is initially too
small for P to catch up in the positive n? regime, leading to the non-increasing behavior.

As we observe in Figure 3(b), the fairness accuracy curve becomes less steep as the Chernoff Dif-
ference decays (reflecting a similar trend to that of which we observed in Case 2). In this scenario,
however, we do not observe any overlap between the different fairness-accuracy curves as the decay
of the CD occurs too slowly. This reflects the traditional “triple trade-off” that has been observed in
prior works (Sanyal et al., 2022).
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5 CONCLUSION

Using Chernoff Information, we reveal interesting relationships between data distributions and the
fairness-privacy-accuracy trade-off. While our work is the first to expose such relationships, our
analysis relies on simple Gaussian assumptions. An important next step would be extending our
analysis to real-world datasets. Furthermore, designing a noise mechanism that can achieve a more
favorable fairness-privacy-accuracy trade-off would be an exciting future direction.
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A APPENDIX

Theorem A.1. (Theorem 1 from Kang et al. (2020)) In Differentially Private Empirical Risk Min-
imization with Input Perturbation with T iteration rounds and n samples, for ,§ > 0, if the loss
function is G-Lipschitz and A-strongly convex over the parameters and the additive noise is param-
eterized by

G?Tlog(1/9)
2

1
7 Cn(n— 1)\FA527 &

it is (€, 6 )-differentially private for some constant c.

Lemma A.l. (Restatement of Lemma 2) When Py(x) ~ N(ug,0%I), Pi(z) ~ N(u1,0°T),
Qo(z) ~ N (Co, 721), and Q1 (x) ~ N(C1, 7%1), the Chernoff Difference is given as:

op — |I1o = palld — 1Ido — Gill3
802 872 '

Proof. Recall the definition of Chernoff Difference and Chernoff Information

CD = [C(Po, P1) — C(Qo, Q1) 2)
= |urerééfll)log/Po(x)“Pl(x)lfudx—I)IEI(l(i){ll)log/Qo(x)”Ql(x)lfvde 3)

Now, following a result from Dutta et al. (2020), we see that for Py ~ N (uo,chI), P~
N(:u’la 021)-

log/Po(x)“Pl(x)lfuda: 4)
:10g/e—ﬁ((r—m)T(m—ul)—(z—uo)T(m—uo))po(x) da (5)
= log ¢~z (T m—ng no) /efﬁ(”mT(“r“o))P@(x) dz (6)
— log 6—2%2(ule—uoTuo)e—ﬁ(—%g(ul—uo))eﬁ(\lm—uoH%) %)
— log e 3ez (lm—hol3) o357 (ks —oll3) ®)
= D s o, ©)

Now, we can compute the derivative to minimize with respect to u:

d u(u—1)
du 20

2u

-1
Il — poll3 (10)

lias = pollg = =

The derivative is 0, when « = 0.5. This critical point is a minimum as the derivitative is negative
when v = 0 and positive when u = 1. Thus,

. 2
C(py, Py = Mol an

When these distributions are 1-dimensional, they reduce to the closed form derived in Nielsen
(2022). A similar approach can be done for Qo(x) and @ (z). Thus, the CD for Gaussian dis-
tributions is defined to be
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2 2
CD:\”MO pllz N C1H2|_ (12)

802 872

O

Theorem A.2. (Restatement of Theorem 1) Suppose Py(x) ~ N (ug, 1), Pi(z) ~ N (p1,0°1),
Qo(z) ~ N (Lo, 7°1), and Q1(z) ~ N (1, 7°1). Without loss of generality, we assume that || o —
till2 > ||o = Cill2- There are three behaviors of the Gaussian Noise Chernoff Difference (55172)
over the n? > 0 regime: (i) The Chernoff Difference has a maximum point. (ii) The Chernoff
Difference has a maximum point and a reflection point (where C,'\ﬁnz = 0). (iii) the Chernoff
Difference is non-increasing’. The conditions for these three cases are given as follows:

(i) eo—Gilly 2 o Jo—Gilla 4 (Privacy Hurts Fairness)
lo—pall3 o? lo—pall2 ’
72 lSo—¢alI3 . . .
(i) T2 <z <L (Privacy Can Give Free Fairness)
2
(iii) Neither condition (i) or (ii) hold. (Triple Trade-off)

Proof. Recall the definition of Gaussian Noise Chernoff Difference. We define a signed noisy Cher-
noff Difference sC D, such that |sCD,2| = CD,2. Thus,

1

CDyp=—
T TR )

6o = Gull3 — 1o = a3 (13)

1
(0% +1?)
Case (i) and (ii). Letp = ||o — p1]|2 and let ¢ = ||{o — (1 ||2- First, we can analyze the positive
n? regime for a critical point. To find potential critical points, consider the derivative of sCD,p.

- 2 2 20,2 2\2 2/ 2 212
Dy = 7 4 _ ) —a (" + 1) (14)
8(o% +n2)?  8(r% +1?) 8(0 +02)2(72 +1%)?

—
Now, the potential critical points will be 7* where sC'D, > = 0. Thatis 0 = p*(7° +1?)? — ¢*(0* +
n?)2. Thus, the critical points are:

9 o%q—13p

No = — (15)
b—q
—o2q — 12
77%: I S (16)
p+q

However, we observe that 7 is always negative, thus the only useful critical point in the postive 7>
region is n3. By our assumption, we know that p — ¢ > 0. First, we observe that there is no critical
point when p = ¢ as n2 does not exist. Thus, n? is positive when the following conditions hold.

olq—1*p>0 (17)
2 _
% < HCO 41”2 <1 (18)
o2 " lpo — pall2

Next, we will show that this critical point is always a maximum in the positive 1? regime.

*When [[p0 — pall2 = [|[¢o — G2 Cr’\l/)nz will always fall into this case.

10
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First, consider the second derivative of the signed noisy chernoff difference.

cplhe T P’ (19)
§CUp2 = A2+ 02 Ao+ 2P

Plugging in the relevant critical point we observe that

cD’ ¢ P’ ¢ P’ 20
e T 4 +12)3 4o+ ) 4(Q(U;:qf2))3 B 4(p(ff;—;2))3 20)
*p—q)? p*(p—q)® (p—q)*

43 (02 —72)3  4p3(02 — 72)3  Ap3gP (o2 — 72)3 @D

2 2

Now, we know that 0° > 7¢ so the second derivative of this critical point of 86\[)772 must be a
minimum. However, the goal is to examine the behavior of C’D,,z. So, we can show that this is
critical point is a maximum of C'D,2, by showing tl/lait/ sC’Dng is negative. By plugging in the

critical point, we can observe that it is a maximum of C'D, 2.

o 7 p? ¢ P
SCD72 — — = - (22)
©8(Tg) 8T HE) 82 TIIEE) 8(0? + )
P—a), « P (r—a)(g—p)
8 (02—7'2 02—72) 8(0% —72) =

Now, this value is always negative as we know p > q and 0 > 72, Thus, the positive critical point
is a maximum. Now, we can analyze the positive 72 regime for a reflection point.

5 ¢ »’

CD,2 = — 24
O R R) 80 ) 29
8¢°(0® +n?) = 8p* (> + %) = 0 (25)

o 0 —p*1* |G — Gill3o® — [po — 3T
77 - 2 2 - 2 2 (26)

P —q o = pall3 = llo = Gull3
Now, the denominator of this is always positive, thus, n? is positive when the following holds:
160 = Cill30% = [0 — pa |57 > 0 27)
2 _ 2
75 g =G5 <1 28)

o2 |M0*M1||§ .

Case (iii). Finally, we can examine the behavior when none of these conditions hold. Suppose
T2 [[€o—Call2
T~ > lSo—61ljl2

_ 1 . e . . .
o 2 Tho=pals = p° We can analyze the sign of the numerator of sC D, by writing it as

p2(7_2 + ,,,]2)2 _ q2(0_2 + ,]72)2 (29)
=@ (T +0°) = @+ )P (T + 07 + (0 + 7). (30)

Thus, to analyze the sign, we can analyze p?(72 + n?) — ¢?(c + n?). We observe

11
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p2(7_2 +772) —q2(02 +772) :p27_2 _ q20_2 +772(p2 _q2)- (31)

. . . 2
Now, from our initial assumption, p? —g¢? > 0. From the assumption that Z; > <, p?72 — %52 > 0.
o p

Thus, the sign is always positive. Now, to show that 67),72 is non-increasing, we will show sé’T)nz
is not positive.

- 2 2 202 2\ 202 2
CDp—— T P _ ¢ +n?) (T £ 07) (32)
8(r2+n?) 8> +n*)  B((T*+n?))(0® +7?)

Now, we analyze ¢2(0? + n?) — p*(7% + n?). We can see that this is equivalent to ¢>0% — p*72 +
2
7°(¢* — p*). From our initial assumption, ¢* — p? < 0. From the assumption that =y > %,

q?0? — p?>7% < 0. Thus, 35\5712 is always negative and 55,12 is non-increasing over the positive
n? regime. O

B SUPPLEMENTAL FIGURES

B.1 FAIRNESS-ACCURACY VS LOG FAIRNESS-ACCURACY

1.001 ?. — n?=0.1 (CD,;:=2.285) 1.00 1 ,,,4“./-:-.-..-.. —— 1?=0.1 (CD,;»=2.285)
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& 0.98 n (an ) & 0.08 n (Jz )
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Figure B.1: (Case 1: Privacy Hurts Fairness) pip = 0,47 = 16.5,0 = 2.43 and (; = 0.5,(; =
3.8, 7 = 0.55 (a) Fairness-Accuracy Curve (b) Log Fairness-accuracy Curve.
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5 5
> 0.82 > 0.82
o o
0801 ¢ 08014
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Difference in True Positive Rates Log Difference in True Positive Rates
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Figure B.2: (Case 2: Privacy Can Give Free Fairness) pip = —4.2,u; = 1.3,0 = 3 and {y =
0.3,¢1 = 2.7, 7 = 0.25 (a) Fairness-Accuracy Curve (b) Log Fairness-accuracy Curve.
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Figure B.3: (Case 3: Triple Trade-off) o = —4.2,41 = 1.3,0 = 0.85and {3 = 0.6,(; =
1.6, 7 = 0.6 (a) Fairness-Accuracy Curve (b) Log Fairness-accuracy Curve.

B.2 CASE 2: MORE DETAIL
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w
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Figure B.4: (Case 2: Privacy Can Give Free Fairness) 1

point.
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6 8

Variance of Gaussian Noise (nz)

= —42,uy = 13,0 =3 and {p =
0.3,¢1 = 2.7,7 = 0.25 (a) Initial plot of C'D,2. (b) Full plot that shows presence of maximum
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